codewords is said to be maximum. For the case λ a = λ c = λ, the notations (m, n, k, λ a , λ c )-OOSPC and Θ(m, n, k, λ a , λ c ) can be briefly written as (m, n, k, λ)-OOSPC and Θ(m, n, k, λ). In this paper, some direct constructions for (3, n, 4, 1)-OOSPCs, which are based on skew starters and an application of the Theorem of Weil on multiplicative character sums, are given for some positive integer n. Several recursive constructions for (m, n, k, 1)-OOSPCs are presented by means of incomplete different matrices and group divisible designs. By utilizing those constructions, the number of the codewords of a maximum (m, n, 4, 1)-OOSPC is determined for any positive integers m, n such that gcd(m, 18) = 3 and n ≡ 0 (mod 12). It is established that Θ(m, n, 4, 1) = (mn − 12)/12 for any positive integers m, n such that gcd(m, 18) = 3 and n ≡ 0 (mod 12).
Introduction
The technology of parallel transmission and simultaneous access of two-dimensional (2-D) images in optical codedivision multiple-access (CDMA) network using multicore fiber, called spatial CDMA, was first introduced by Kitayama [19] . In spatial CDMA network, each pixel in a 2-D image is encoded into a signature pattern, which is called an optical orthogonal signature pattern code (OOSPC). For detailed background we refer to [19, 29] . Now we introduce the formal definition of an optical orthogonal signature pattern code. for any distinct (x ij ), (y ij ) ∈ C and every (s, t) ∈ Z m × Z n , where Z l denotes the additive group of module l. The additions ⊕ and  ⊕ are, respectively, reduced modulo m and n. When λ a = λ c = λ, the notation (m, n, k, λ a , λ c )-OOSPC can be briefly written as (m, n, k, λ)-OOSPC. When m and n are coprime (that is Z m × Z n is isomorphic to Z mn ), (m, n, k, λ a , λ c )-OOSPC is actually the classical (mn, k, λ a , λ c ) optical orthogonal code (briefly (mn, k, λ a , λ c )-OOC). For the formal definition of OOC, the reader can refer to [10] .
Let X be a k-subset of Z m × Z n and define X + (i, j) = {(x ⊕ i, y  ⊕j) : (x, y) ∈ X }. By identifying all codewords of an OOSPC with k-subsets of Z m × Z n representing the subscripts of the nonzero positions, then the notation of OOSPC can be reformulated by using set-theoretical terminology. Definition 1.2. Let m, n, k, λ a and λ c be positive integers. An (m, n, k, λ a , λ c ) optical orthogonal signature pattern code is a family C of k-subsets of Z m × Z n satisfying the following two correlation properties:
(1 ′ ) The auto-correlation property:
|X ∩ (X + (s, t))| ≤ λ a for any X ∈ C and every (s, t) ∈ Z m × Z n \ {(0, 0)}; (2 ′ ) The cross-correlation property:
|X ∩ (Y + (s, t))| ≤ λ c for any distinct X , Y ∈ C and every (s, t) ∈ Z m × Z n .
For given positive integers m, n, k, λ a and λ c , let Θ(m, n, k, λ a , λ c ) denote the largest possible number of codewords among all (m, n, k, λ a , λ c )-OOSPCs. An (m, n, k, λ a , λ c )-OOSPC with Θ(m, n, k, λ a , λ c ) codewords is said to be maximum (or optimal). When λ a = λ c = λ, Θ(m, n, k, λ a , λ c ) can be briefly written as Θ(m, n, k, λ). Based on the Johnson bound [18] for constant weight codes, Θ(m, n, k, λ) is upper bounded by
where ⌊x⌋ denotes the largest integer not exceeding x. It is worth mentioning that a maximum (m, n, k, λ a , λ c )-OOSPC always exists from the definition. Thus, the research on OOSPCs mainly focus on determining the exact value of Θ(m, n, k, λ a , λ c ) and constructing a maximum (m, n, k, λ a , λ c )-OOSPC. In [29] , it has been shown that a maximum (m, n, k, λ a , λ c )-OOSPC is equivalent to a maximum (mn, k, λ a , λ c )-OOC when m and n are coprime. In this case, we can obtain a number of maximum OOSPCs from rich results on maximum OOCs (for example, see [1, 2, [4] [5] [6] [7] [8] [9] [10] [12] [13] [14] [15] [16] [17] [22] [23] [24] 27, 28, 30] ). However, when m and n are not coprime, some constructions of maximum (m, n, k, λ a , λ c )-OOSPCs have been already known for very specific conditions. Yang and Kwong [29] have
 ⌋ when λ a > λ c and presented three algebraic constructions for
⌋ for the following parameters:
) where p ≡ 3 (mod 4) be a prime;
) where q be a prime power and t be a positive integer;
In [26] , Sawa and Kageyama have constructed an (m, n, 3, 1)-OOSPC with Θ(m, n, 3, 1) = ⌊ mn− 1 6 ⌋ codewords for any odd integers m, n such that either m or n is not congruent to 5 modulo 6. They have also given a new upper bound of Θ(m, n, 3, 2, 1) and presented two algebraic constructions for maximum (m, n, 3, 2, 1)-OOSPCs which attain the new bound. In [25] , Sawa has shown a close relationship between OOSPCs and combinatorial packings, and constructed a (2 ε x, y, 4, 2)-OOSPC with J(2 ε xy, 4, 2) codewords, which is maximum, where ε ∈ {1, 2} and x, y are positive integers, whose each factor being a prime less than 500 000 and congruent to 53 or 77 modulo 120 or belonging to S = {5, 13, 17, 25, 29, 37, 41, 53, 61, 85, 89, 97, 101, 113, 137, 149, 157, 169, 173, 193, 197, 229, 233, 289, 293, 317}. Recently, there are many studies on multiple-weight OOSPC, which is a generalization of constant-weight OOSPC. It was proposed by Kwong and Yang [20] for spatial CDMA with multiple performance requirement. The reader may refer to [20, 21] for details. In this paper, we focus our attention on constant-weight OOSPC. In order to construct more (m, n, 4, 1)-OOSPCs with Θ(m, n, 4, 1) = ⌊ mn− 1 12 ⌋ codewords for some integers m, n, we first need some terminologies from design theory. Assume that v ≥ k ≥ 2 are positive integers. A (v, k, 1) packing is a pair (V , B), where V is a v-set of points and B is a collection of k-subsets (called blocks) of V , such that every pair of distinct points from V occurs in at most one block. Suppose that
. The collection of all automorphisms of (V , B) forms group under composition, called the full automorphism group, and any of its subgroup is called an automorphism group of (V , B). Suppose that G be an automorphism group of (V , B). For any B ∈ B, the stabilizer of B under G is the subgroup of G consisting of all elements σ ∈ G such that B σ = B. And the orbit of B under G is the collection Orb G (B) of all distinct images of
It is clear that B can be partitioned into some orbits under G. An arbitrary set of representatives for each orbit of B is called the base blocks of the packing. (V , B) is said to be G-invariant if it admits G as a point-regular automorphism group, that is, G is an automorphism group such that for any x, y ∈ V , there exists exactly one element σ ∈ G such that x σ = y. Moreover, a G-invariant packing (V , B) is said to be strictly, if the stabilizer of each B ∈ B under G equals the identity of G, that is, the orbit of B under G consists |G| blocks.
As the terminology suggests, given an arbitrary family of all base blocks of a strictly Z m × Z n -invariant (mn, k, 1) packing ((m × n, k, 1)-SP in short), we can obtain the packing by successively add (i, j) to each base block, where 
B be the family of all its base blocks. For any base block
we define the list differences of B by base blocks. The following result is presented in [25] .
Therefore, instead of constructing maximum (m, n, k, 1)-OOSPC directly, we need only to construct the corresponding maximum (m × n, k, 1)-SP. In view of design theory, the following results are clear. ⌋ base blocks) for any positive integers m, n such that gcd(m, 18) = 3 and n ≡ 0 (mod 12). In Section 2, we present some direct constructions by utilizing skew starters and an application of the Theorem of Weil on multiplicative character sums, and obtain a (3×gu, 3×g, 4, 1)-SP for g = 12 with u a prime greater than 3 and for g = 24, 36 with u a positive integer such that gcd(u, 150) = 1 or 25. In Section 3, recursive constructions for (m × n, k, 1)-SPs are presented by means of incomplete different matrices and group divisible designs. In Section 4, combining all previous results, we obtain an (m, n, 4, 1)-OOSPC with (mn − 12)/12 codewords, which is maximum, for any positive integers m, n such that gcd(m, 18) = 3 and n ≡ 0 (mod 12).
Direct constructions
In this section, we shall give some direct constructions for (3 × gu, 3 × g, 4, 1)-SP, which are based on skew starters and an application of the Theorem of Weil on multiplicative character sums, for g = 12 with u a prime greater than 3, and g = 24, 36 with u a positive integer such that gcd(u, 150) = 1 or 25. To develop our constructions, we first require the notion of skew starters from design theory.
 which satisfies the following three properties:
According to the definition, a skew starter in G can exist only if u is odd. Furthermore, if we write X = {x i :
}. Then we may assume, without loss of generality, that X = −Y , and hence we have
Skew starters have been useful in constructions of Room squares and other combinatorial designs. Skew starters in Z u have special applications to constructions of Hamiltonian path balanced tournament designs and optical orthogonal codes [5, 9, 17] . The following known result on skew starters is very useful. (2, 16, δ(x + y))}, where δ ∈ {1, −1}, and (x, y) runs over all pairs of the skew starter S u in Z u .
It is readily calculated in Z 3 ×Z 24 ×Z u that the differences from the initial base blocks can be partitioned into the following six classes depending on the value in the third coordinate: (1, 14) .
Since S u is a skew starter in Z u , it is easy to see that each element in ( (2, 25, δ(x + y))}, where δ ∈ {1, −1}, and (x, y) runs over all pairs of the skew starter S u in Z u .
Since S u is a skew starter in Z u , it is readily checked that each element in (
) occurs in the differences from the above list of base blocks exactly once, while any element in the additive subgroup Z 3 × Z 36 × {0} is not covered at all. The assertion then follows immediately.
The construction for (3 × 12u, 3 × 12, 4, 1)-SP is a little different from above constructions. Cyclotomic cosets play an important role in direct constructions for (3×12u, 3 ×12, 4, 1)-SP. We first need to explain some notions. For a given prime p ≡ 1 (mod n) and a primitive element ω ∈ Z p , C n 0 will denote the multiplicative subgroup {ω
The following lemma is an application of the Theorem of Weil on multiplicative character sums, which can be also seen as a corollary of Theorem 2.2 in [3] . 
. When p > 5 is prime, by Lemma 2.1 there exists a skew starter S p in Z p since gcd(p, 150) = 1. Then all base blocks of the desired (3×12p, 3×12, 4, 1)-SP can be divided into two parts over Z 3 ×Z 12 ×Z p , which is isomorphic to Z 3 × Z 12p . The first part consists of the following (p − 1)/2 base blocks:
It is readily checked that 
It is readily calculated that
We can have
It is readily checked that | F ∪ C |= 3(p − 1) and each element in ( 
, where r ∈ {1, 2, 4}; p = 11:
, where r ∈ {1, 3, 4, 5, 9}.
Recursive constructions
In this section, we shall give some recursive constructions for (m×n, k, 1)-SPs. We first introduce some auxiliary designs. Let (G, ·) be a finite group of order v and H be a subgroup of order h in G. 
Difference matrices have been studied extensively as a consequence of their uses in the constructions of optical orthogonal codes, orthogonal arrays, generalized Steiner triple systems, constant weight codes, and so on. For related details, the reader can refer to [11] and the references therein. Here we list some results which are very useful to our recursion. 
Lemma 3.1 ([11]). Let v and k be positive integers such that
gcd(v, (k − 1)!) = 1. Let d ij ≡ ij (mod v) for i = 0, 1, . . . , k − 1 and j = 0, 1, . . . , v − 1. Then D = (d ij ) is a CDM(k; v). In(1) an (m × n, s × t, k, 1)-SP; (2) a CDM(k; v).
Then there exists an
Proof. Let m = sm 0 and n = tn 0 . Suppose that B be the family of all base blocks of the given (m × n, s
It is readily calculated that 
Then there exists an (m × nv, s × tv, k, 1)-SP.
Proof. Since gcd(n, v) = 1, we then can construct the required (m×nv, s×tv, k, 1)-SP over Z m ×Z n ×Z v which is isomorphic to Z m × Z nv . Let m = sm 0 and n = tn 0 . Suppose that B be the family of all base blocks of the given (m × n, s
Suppose that F be the family of all base blocks of the given (m
It is readily checked that each element in In order to improve our recursive construction, we need to introduce a new concept so called perfect. Let t be a positive divisor of n such that n = tn 0 . Suppose that C = {B i :
for each x ∈ {0, m/s, . . . , (s − 1)m/s} and (4, 24) .
Proof. The all base blocks of the desired (−, 1) perfect (3 × n, 3 × g, 4, 1)-SP's are listed below: (g, n) = (2, 18): (8, 48) .
Proof. The all base blocks of the desired (−, 2) perfect (3 × n, 3 × g, 4, 1)-SP's are listed below: (g, n) = (4, 36): (1, 5) , (2, 9)}, {(0, 0), (0, 11), (0, 25), (2, 10)}, {(0, 0), (0, 27), (2, 7), (2, 11)}, {(0, 0), (0, 28) , (1, 9) , (2, 26)}, {(0, 0), (0, 33), (1, 11) , (1, 28) 
The following is an improved recursive construction which is based on incomplete difference matrices. y 1 ) , . . . , (x k−1 , y k−1 )} ∈ B, without loss of generality we can assume that
Proof. Let
It is easy to see that
} be the family of all base blocks of the given (−,
It is readily checked that each element in A group divisible design k-GDD is a triple (V , G, B) satisfying the following properties:
(1) V is a v-set of points;
(2) G is a partition of V into subsets called groups; (3) B is a collection of k-subsets of V called blocks, such that a group and a block contain at most one common point; (4) every pair of points from distinct groups occurs in exactly one block.
The group type of the GDD is the list (|G| : G ∈ G). The usual exponential notation will be used to describe types. Thus, a GDD of type t 1 u 1 t 2 u 2 · · · t l u l is one in which there are u i groups of size t i for each i.
Given positive integers n and u, define I u = {1, 2, . . . , u} and V = I u × Z n . The elements of V are denoted by (i, a) , where i ∈ I u and a ∈ Z n . A k-GDD of type n u based on points set V having group set G = {{i} × Z n : i ∈ I u } and block set B is said to be semi-cyclic, if for any B ∈ B, adding 1 ∈ Z n successively to the second coordinate of each point of B ∈ B modulo n always gives n distinct blocks of B (such a GDD is also called a GD * (k, 1, n; nv) in [30] ). Assume that B * is the family of all base blocks of a semi-cyclic k-GDD of type n u . Define the multiset
According to the definition, it is easy to see that an n-regular CP(k, 1; nu) is a semi-cyclic k-GDD of type n u . Now we present an another recursive construction. 
Proof. Let m = sm 0 and n = tn 0 . Suppose that B and F * be, respectively, the family of all base blocks of the given (m×n, s× t, l, 1)-SP and semi-cyclic k-GDD on I l ×Z v with group set {{x}×Z v : {(0, 0), (0, 1), (1, 4) , (1, 26) , (2, 41)}, {(0, 0), (0, 2), (0, 10), (0, 19) , (2, 9)}, {(0, 0), (0, 3), (1, 16) , (1, 20) , (1, 31)}, {(0, 0), (0, 5), (1, 19) 
Proof. We first consider the type (3). 
This completes the proof.
Some new maximum OOSPCs
In this section we construct a maximum (m, n, 4, 1)-OOSPC (i.e. (m × n, 4, 1)-SP with (mn − 12)/12 base blocks) for any positive integers m, n such that gcd(m, 18) = 3 and n ≡ 0 (mod 12) step by step. We first need to quote some known results on OOCs as follows. For the formal definition of g-regular OOC, the reader can refer to [7] . A g-regular (gu, k, 1)-OOC is actually equivalent to a ( To enlarge the results on maximum (m × n, 4, 1)-SPs, we need to construct some examples with small orders.
Lemma 4.3.
There exists a (3 × n, 3 × g, 4, 1)-SP for each (g, n) ∈ {(8, 40), (8, 72) , (8, 80) , (16, 96) , (12, 108) , (20, 120) , (20, 160) , (20, 180) , (24, 216) , (8, 288) , (36, 324), (8, 432) , (8, 648) , (16, 864) , (12, 972)}.
Proof. When (g, n) = (8, 40), (8, 80) , (20, 160) , the required (3 × n, 3 × g, 4, 1)-SP (i.e., 3g-regular (3n, When (g, n) = (8, 432), (16, (3) and (1) of Lemma 3.12. Apply Lemma 1.5 to obtain the required (3 × n, 3 × g, 4, 1) -SP. This completes the proof. Now, we are able to state our main result of this paper. 
Case (2)
When i ≥ 1, start from the (3 × 2 a 3 b v, 3 × 3 3i gv, 4, 1
